Calculus Review
A. Functions:

1. Identify the domain and range for the following:

a) f(x)=v3-x*= D:[—\/§,\/§}:> R:[O,\/ﬂ

3
f(X)=—————=>x*-7x-8=0=(x-8)(x+1)=0=x=-10r8
y (O T = (x-8)(x+1) =0=>
D:(—oo,—l)U(—l,S)U(B,oo),R:(—oo,O)U(O,oo)
2. Determine the equation given:
D = (—,-5)U(5,©), R =[0,%) = upper half of a hyperbola

a) 2 2 2 2 [y2
Form:X—z—y—2=1:>X—2—y—2:1:> y= X =25
a~ b 5° 1 5

D =(-00,-3)U(-3,2) U (2,0), R =(—0,0)U(0,0)
b) Rationl function with a constant in the numerator

1
M= a2

3. Determine the slope of the tangent line to the curve y = x> —3x. The slope formula
must be developed using the slope formula and not differentiation.
y=x"-3x= Points = (x, f (x)) = (x,(x* -3x)) and ((x+h),[(x+ h)? - 3(x + h)])
Yooy (O 30ceh) |- -3%) x4 2xh+h® -3x-3h—x*+3x _
X, — X, (x+h)—x h
2 — p—
h +2;]<h 3h _ h(h+r2]x 3) :h+2x—3:>|h

iLr(}(h+2x—3):2x—3

4. Given: f(x)=x*-5 and g(x) = x+1, determine:

a) f(-4)= f(X)=x*-5= f(-4)=(-4)?-5=16-5=11

b) g(7) = g(x)=x+1=9(7)=(7)+1=8

¢) 2f (x)-3g(x) = 2(X* —5)—3(x+1) = 2x* ~10-3x ~3=2x* —3x—13
d)(fog)x= (X+1)*-5=x*+2x+1-5=x*+2x-4



5. Transformations:

Determine a) —f(x),' b) f(x) + 1, c) f(x-1) "

B. Limits
a) General
i . 1 (-1)+1 0
1. \/X+\/—=\/4+\/Z=\/4+2=\/€ 2. e =—=
lim I -y 2
3.
I.ml—x/l—xz :I.ml—\/l—xz 1V1-x im 1-(1-x2) _lim X2 _
>!—>0 X >!—>0 X 1+ 1—X2 )!—)0 X(1+\/1—X2) >!—>0 X(l+\/l—X2)

lim—A—-—_-20
x—0 (1+ 1—X2) (1_|_ 1_(0)2) 2

. (x+D)(x-2)

lim

fim @2 _ (-2 _-3
IMopxr2 M) (v~ 1

4 i X' —x-2 _
' XLr_rllszFBXJrZ




5.
limV—x =0= if ainfinity small negative value is substituted into x,we are taking the square root
x—0"

of an infinity small positive number which tends to zero

x*+2x-8 . x+4)(x-2) . (x+4)
Im= e =M ao 002 M ax2 -
@+4 6 6 3

(27 +4((2+2) (®)(4) 32 16
7.

2xP-x-1 2 1 . :
lim % ariar = since the degree of the numerator and denominator are the same the
X—0 X+

limit equals the ratio of the coefficents of the temrs containing the highest degree

or
2x* x 1 , 1.1
o X2 X s x x*_2-0-0_2 1
m=%e 7 =M= "= =27
XK X’

8.

. 57X : : .

lim = oo = since the larger degree is found in the numerator the value of the

s AXZ+9X -5
limit tend to infinity

or
5x3_7x2
Ty . Bx=T w1
A S = = 00
limZ2—55 IX'[D4 9 5 4+0-0
= +e——
x2  x2 x? X X
9.
. 4x+1
= o0
M~

=11001

by substitution of x=-3.001= |im ax+1_4(=300D)+1_ -11.001
3 X+3 -3.001+3 -0.001

we can conclude that if we take a value infinity close to -3 on the left side and substitute into
the expression, the value will tend towards plus infinity

. 5
. sin5x-— .
. sinbx . 3 5,. sindbx b5 5
0.]im— —=lim——s>=3lim—,—=31=3

x—0 x—0 3X i x—0

3




11.
1

Sec x COS X . 1 (d+sinx) . (L+sinx)
lim =lim—-=lim — - ———~=im T =
x>0 L=SiNX x50 1-sinx  “x5p cosx(l—sinx) (1+sinx) x50 cosx(l—sin®x)
f (@+sinx) ~li (L+sinx) 1+sin0 1+0

is0 €0sXcos’x o' (cosx)’  (cosO) L’

lim sin 3x “li sin3x-sin3x_|. sin 3x sin3x_|. sin3x 3 sin3x 3 _
L Im == lim === lim == === lim =53

. sm3x sin 3x

9 - =9:1.1=9

I!m 3x  3X

b) Determine whether each of the following is continuous or discontinuous. If
Discontinuous, determine whether a removable discontinuity exists and what it is.
a) f(x)=-3x%+6x—7-continuous

b) (=4

> removable discontinuity at x =5

d) f()—

C. Differentiation
a) General

1. f(X)=x*+5x+4= f'(X)=3x*+5

f(x)= ATX X)=(A-xE+x) "= ' () =-138+X)"+(-)B+x)*(4-x) =
2. 3+X

B+x)[-1B+Xx)-1(4—x)]=B+x)*(-7)

3 F(X) =3 Bx = f(X) = B_5%)7 = f '(x) = %(3—5x);(—5) _ —%(3—5x);

4. f(x)=xsinx= f'(x)=sin X+ Xxcosx

. f(x)= ﬁ:f(x) Xx(9- 4x);:>f(x) (9- 4x)2+—%(9 4x) 2 (—4)-x:

(9—4x)’§ [(9-4x)+2x]= (9—4x)’§ (9-2x)

6. f(x)=sin(cosx)= f '(x)=cos(cosx)-—sin x



7. f(x)=sinxcosx = f '(X) =cosxcos X+ (—sin x)sin x = cos® x —sin® x = cos(2x)

f(x)=(x*=3)"(3x-7)° = f'(X) =4(x* =3)°(2x)- (3x—7)* +5(3x = 7)*(3) - (x* =3)* =
- (3x=7)"(x* =3)° [ 8x(3x—T7) +15(x* —3) | = (3x—7)* (x* —3)°(39x ~56x — 45

9. f(X)=e™°= f'(X)=e"*°.7

f(x) = In(x¢ =5)- 7% = '(x) = (
10.
78“-2[ X an7inx? —5))
(x*=5

! : 2X- 7+ 7% In7-8-In(x* -5) =

X2

2

11.
1
-(2x-5)-e¥* —e¥**.3log, (x* —5x +1)
2 2 _ 3
F(x) = Iogs(x63x+15x+1) o (x) = (x*=5x+1)In3 _

(e3x+1 )2

3x+1 1 2 1 . —_5)— 2 _
e ((Xz_5X+1)|n3.(2x—5)—3logs(x _5X+1)j:[(x2—5x+1)ln3 (2x—-5)—3log,(x 5x+1)j
(e3x+l )2 e3x+l
12.
f(x)= v (x) = (sin(x—sin x)) " = f '(x) = -1(sin(x—sin x)) - cos(x —sin x) - (L - cos x)
sin(x—sin x)
13. f(x)=5x®-2x* +5x-3= f'(x) =15x* —4x+5
2 3 M) 2 _EY)2. 1 )
14. f(x) =(In(3x" =5))" = f '(x) =3(In(3x" -5)) 3x_5) 6X
15. f(x) =72 = f'(x) =7 (15X’ -3)-In7
16. f(x) =log, (6x° —7x) = f (x) .t (30x* -7)

(6x°—7x)In9

17. f(x)=e>" = f'(x)=e>"-5



18. f(x)=(cos(6x® —2x+1))* = f '(x) = 3(cos(6x® —2x +1))* - —sin(6x> — 2x +1)-(18x2 —~ 2)
b) Higher Order

f(x)=4x*-3x*-18x+5
f'(x)=12x*-6x-18
f"(x)=24x-6

f"(x) = 24

- 3" order derivative

f (x) =sin® xcos x

f '(x) = 2sin x(cos X) - €0s X + (—sin X) -sin® x
/09 =2sin xcos” x—sin"x - 2" order derivative
f "(X) = 2€0S X -C0S® X + 2¢0s X(—sin X) - 2sin x —3sin’ x(cos X)

f "(x) = 2cos® x — 4sin® xcos X —3sin® x(Cos X)

f "(x) = 2cos® x — 7sin® x cos X

If f(x)=(2-x%)°, find f(0), ¥'(0), "’ (0)
f(x)=(2-x%)° = f(0)=(2-(0)%)° =2° =64
f'(x)=6(2-x*)°(-2x)= f'(X) =-12x(2-x°)° =
3. 1(0)=6(2-(0)*)°(-2(0)) =0
f'(x) = -12(2 - x*)° +5(2 - X*)" (-2x) - -12x = ~12(2 - x*)*[ (2 - x*) -10%* | =
~12(2-x*)*[ 211X | = f "(0) =-12(2- (0)*)* [ 2-11(0)" | = ~12(16)(2) = 384

c) Implicit Differentiation

x2y+xy3:2:>2x-y+x2-ﬂ+y3+3y2ﬂ-x:0:>
1 dx dx
' _ 3
x2ﬂ+3xy2ﬂ:—2xy—y3:>ﬂ:—§xy y2
dx dx dx  x°+3xy
In(x2+1)+8xy—e2y=O:>2—-2x+8-y+ﬂ-8x—e2y-2d—y=0:>
(x*+1) dx dx
2. —2X
X gy
_ X2 +1 —2x+8y(x* +1
8xﬂ—2e2yﬂ: 2x +8y:>ﬂ=( ) = y( )

dx dx  (x*+1) dx  8x-2e”  (x’+1)(8x—2¢”)



15 1 5 dy dy 3 2x3
3. Ix =4y 2:>x3 =2=-x3-= 0= = -2
; I L™ M R S

_Ey y

D. Integration

a) Definite Integral

4 2 0

_[O (2x® -3x—4)dx = 20X _3X 4y
= 4 "2

-3

1,
0)* (0)2 (3)4 (-3)° _
[2 ) 4(0)} { A —4(—3)} 39

oIt

2. [ (5cos x+4x)dx = 5sin x+4x7 =[5sin() +2(1)* ]~ [ 5sin(0) + 2(0)* | = 6.20

0

3. J.lﬁl+6x2 dx:6tan‘1x‘ [Gtan‘lf} [6tan }:%

b) General
XZ
1. | 5dx =5x 2. |(Bx=7)dx=3—-7X
| [@x=Tdx =3
) 3 3
=z X2  2x2
3. j&dx:szdx:?:
2
3 1 3
2 2 - X2 x2 2x? 2
4, J.\/;—ﬁdXSJ.X —2X dX—g-ZI—T—4X
2 2

2 3
5. j(x+1J dx=J'x2+2+i2dx= X2+ 2+ X 20X =2 4 2% — X!
X X 3

6.j 1 dx=j2#dx:%tanl

X
X2 +36 X2 + 62 6



-1
dx:ij.izdu:lj.u’zdu:i-u—:—i __ 1
2°u 2 2 -1

X+3
J‘ -
20 2(x*+6x)

(x* +6x)°

u:x2+6x:>du:(2x+6)dx:>%du:(x+3)dx

jln(5x —3)xdx_—JInudu _—(u Inu-u)= 0[(5x —3)In(5x2—3)—(5x2—3)]

8.
u =5x? —3:>du:10xdx:>i:xdx
10du
J?X2’72xdx=j7“du = L = [
9. In7  In7

u=x?-7=du=2xdx

10 Ie* sin(e”)dx = Isin udu = —cosu = —cos(ex)

U=e"= du=e"dx

sin x
- —du_—tan u=-—tan " (cosx
11. -[1+cos X 1+u? L )

U = C0S X = du = —sin xdx

1

2

=2(Inx)

'[x = dx = '[ dx j Inx dx Iu 2du—

12.

(

u:lnx:du:ldx
X

N‘H| N~



13.
Jx sin 2xdx:—Ecos(2x)-x —IZX-—ECOS(ZX)dX=—§COS(2X)~X +Ix~cos(2x)dx=
u=x">= du = 2xdx

dv = J-sin 2xdx = v = —%COS(ZX)

1, 1 . 1. 1, 1 . 1¢.

—— X" cos(2x Zxsin(2x) — | =sin(2x)dx | = ==X~ cos(2x) + = Xxsin(2x) —= | sin(2x)dx =
> (){2()]2()}2 (2x)+ xsin(2x) - [ sin(2x)
U=X=du=dx

dv = [ cos(2x)dx = v :%sin(ZX)

1 1 . 11,. 1 1 . 11
—=05(2X) - X? + = xsin(2x) —=-= | sinudu = —= x* cos(2x) + = xsin(2x) —=-=(—cosu) =
5 C08(2x) X"+~ xsin(2x) === | X" 008(2) + = xsin(2x) - 2+~ (~cosu)

u=2x:>du:2dx:>%du:dx
1, 1 . 1
——X"€0S8(2X) +—=XsIn(2x) + —cos(2Xx) =
5 (2x) i (2x) 2 (2x)

1 J.cosxln(sin x)dx:jlnu =ulnu—u=sinxIn(sin x)—sin X

U =Sin X = du = cos xdx



15.
2_
,[3)(3 6x2+2 I
2X° —=3X°+X

B C
2x=1)  (x=1)
A(2x-1)(x—1) + Bx(x—1) + Cx(2x —1) -

X(2x-1)(x-1)

A(2x* =3x+1) + B(x* — x) +C(2x* —x) = 2Ax* —3Ax+ A+ Bx* —Bx+ 2Cx* —-Cx =
(2A+B+2C)x*+(-3A-B-C)+A
2A+ B+ 2C =3 by substitution 2(2)+B+2C=3=B+2C=-1
—3A-B-C =-6 by substitution -3(2)-B-C=-6 = -B-C=0=B=-C
A=2

X(2x* —3x+1) = x(2x -1)(x-1) = AL
X

Solving the system of equations: B+2C =-land -B-C=0=B=-C
—-C+2C =-1=C =-1and therefore B=1

2 1 -1 2 1 1 1
ot (x—1)dX = J';dx+j BT dx— | (x—1)dX =2l X+ In(2x—1) = In(x~1)

Uu=2x-1=> du:2dx:>%du:dx

j ! dx:ljldu:élnu:lln(ZX—l)
(2x-1) 27 u 2 2

E. Curve Sketching:



f(x)=x"—-6x°
x-intercept = x* —6x2 =0=> x*(x* —6) =0 = x =0, x = /6
y-intercept = y =0
f(x)=4x° —12x = 4x(x? =3) =0 = x =0,x =+/3
max and min value occur at (0,0), (\/3_,—9), (—/3,-9), using intervals
(-0, —/3),= negative value for k = -2 = graph decreasing
(—\/§, 0) = positive value for k= -1= graph increasing
(0,\/3_,) = negative value for k= 1= graph decreasing
(\/3_,00) = positive value for k=-1=> graph increasing
f(x)=12x*-12=12(x* -1) = 0= x=+1
Points of inflection occur at (-1,-5) and (1,-5), using intervals
(—o0,—1) = positive value for k = -2 = graph concave up
(-1,1) = negative value for k = 0 = graph concave down

1. (1,0) = positive value for k = 2 = graph concave up

5




1 1 3 2y-1
f(X):mz f(X):mz f(X):(X +3X )

vertical asymptotes at x =0 and x = -3

x-intercept = undefined for y = 0, therefore no x-intercepts

y-intercept = none since we have a vertical asymptote at x = 0 or the y-axis

f(X) = =1(x> +3x*) 2 (3x* + 6X) = —1x*(x+3) - 3x(x+2) = -3x*(x+3) *(x+2)
the only solution is for the factor (x+2) = x =-2,

therfore a min value at point (-2, 1/4) based on cacluations below

because of the asymptotes the intervals we will consider include:

(-o0,-3) = negative result at k = -4 = graph decreasing

(-3,—2) = negative result at k = -2.5 = graph decreasing

(-2,0) = positive result at k = -1.5 = graph increasing

(0,0) = negative result at k = 1= graph decreasing

f"(x) = =1(=2)(x* + 3x*)*(3x* + 6X) - (3X* + 6X) + (6X + 6)(-1(x* +3x*) ?) =

22X (x+3) 2 -3x(x+2)-3x(x+2) —=6(x+1) - x *(x+3)? =

18X * (X +3) P (X +2)(x+2) —6X (X +1)(x +3) ? = 6x*(x+3)*[3(X+ 2)(X+2) - (x +1)(x +3) | =
6x~*(x+3)°(2x* +8x+9)

no solutions therefore no calculated inflection points




F. Problem Solving (Related Rates)

1. For s(t) =t*—3t* +5determine:
a) velocityatt=2,
b) acceleration att =2,
c) maximum height reached,
d) d) time it takes to reach the ground,
e) total distance traveled.

s(t) =t° —3t* + 5= velocity = s'(t) = 3t* — 6t = acceleration = s"(t) = 6t — 6
a) s'(2) =3(2)* - 6(2) =0

b) s"(2) =6(2)-6=6

¢) max height = s(t) = (2)° -3(2)* +5=1

d) time = 2,total time =4

e) total distance =2

2. Find the equation of a line tangent to the curve f(x)=2x*—4x+1 at the point having an
x-coordinate of -2.

f(x)=2x’-4x+1= f(2)=2(2)°-4(2) +1=9=(2,9)
m=f'(x)=6x"-4=>m=6(2)"-4=20
(Y, = Y,) =m(X, —x) = (y-9)=20(x—2) = y—9=20x-40 = y = 20x - 31

2. What is the slope of the line tangent to the curve x*+2x°y+y =5 at the point (-1, 2)
_dy

m=
dx
x3+2x2y+y:5:>3x2+4xy+2x2ﬂ+ﬂ:0:2x2ﬁ+ﬂ:—3x2—4xy:>
dx dx dx dx
dy -3 -4xy -3(-1°-4-1(@) -3+8 5
dx  2x*+1 2(-1)* +1 3 3

4. A spherical balloon is being inflated at a rate of 10 cubic meters per minute. Find the rate at
which the radius is increasing a) when the radius is 5m, b) when the volume is 36 meters cubed.



Vot NV 4 el 0 4, (5)20Ilr 10=1007 3 -, 0 _dr
3 a3 dt dt 1007 dt
b)V—ﬂﬂ'r —36=2 71 :@:P:E:P:(zjgzr
3 3 Ar Vs V4

1
d_V:f;zerﬁ:lo:M((ﬂT) I 10-47 ( jdr:% ar
t 3 dt T dt ) dt 7 dt
471( )
T

5. A ladder 8m long is leaning against a wall. The bottom of the ladder is sliding away from the wall at
1.5 m/s. At what rate is the top of the ladder sliding down the wall at the instant when the bottom
of the ladder is 5 meters from the wall?

dc da db

c’=a’+b*=c—=a—+b— and 82 =a’*+5° = a=+/39
dt dt dt
c=8,%=O,a:\/39,d—a,b=5,@=1.5
dt dt
da da 75 _da
8:0=+439-—+5:15=0=+/39 +75=>
dt \/ dt

6. Crushed gravel is being unloaded from a conveyor belt and as it is being poured the gravel forms a
conical pile whose base radius is increasing as its height is increasing. If the base radius is
increasing at 0.2 m/min and the height is increasing at 0.3 m/min, find the rate at which the volume
IS increasing?

V——7z|’2h2V=17n’2 z :V=17zr3:>d—vziﬁ'3r2£:>d—\/=§m’2£
2 2 t 2 dt dt 2 dt
ratioofizzz,g i:h
h .3 '3 2
ifre1, LV o V3 gy Vg
dt t dt 2 dt

7. Water is being poured into a conical tank at a rate of 30 cubic meters per minute. If the height and
radius at the top of the tank are 12m and 8 meters respectively, find the rate at which the water level
IS rising at the instant when the height is 4m.

2
\Y =17zr2h =V =17r(zhj h=V =i7rh3 =
3 3 (3 27

h 12 8 2
ratio>—=—=—=r=>—-h=r
r 12 3
dv _4 g.dh_dv_4 .dh_ = 4 gy dh 270 dh

at 27 at  dt 9 dt at 64z dt



8. Two ships leave port at the same time. Ship a travels west at 20km, while ship B heads south at 35
km. At what rate are the ships separating after one hour?
c’=a’+b*= CE: ad—a+b@ and ¢® = 20% +35° = ¢ = /1625
dt dt dt

c=\/1625,E:?,a: 20,%:20,b=35,@:35
dt dt dt

V1625 ge =20-20+35-35= 1625 gc =1625= de _ 1625 V1625
dt dt dt 1625

G. Optimization:

1. A piece of wire 8cm long is cut into two pieces. One piece is bent to form a circle
and the other is bent to form a
square.
X+y=8=y=8-x

X
C=2nr=>x=2nr=>—-=r
T

Perimeter =8— x = each side = STTX

2 _ 2 2 B 5
T
1

Ar? 16
2 _ 2
MA:X—+W:> MA :—-2x+i(—16+2x):>i-2x+i(—16+2x):0
Az 16 4 16 Az 1
1 1 87
= —X-1+=X=0=24x-87+2Xx=0=> X(4+7) =87 = X = =3.51
2w 8 (4+7)

Or

Perimeter of the square = 4x , Circumference of circle = 27y
Perimeter + Circumference = Total length of wire
Solving for the radius of the circle:

8=ax+27y—x=o2¥_8 1y
4 4 2
2 2 8 ”yz 2
A=X"+7y " =>A=|—-—| +7y" =
4 2
2
4 2 2 4 2
2
0= 7r8+ Y i2 y:>7[—8:7ry[—+2j:>—8: (7[_+4)
4 4 2
78 2 7y 78 1 —yoy 8
4 (z+4) 2 (m+4) (27 +8)

evaluate y then substitute into the circumference formula = 3.51



2. An open top box is to be made by cutting a square from the corners of a 12 inch
by 12 inch sheet of tin and bending up the sides. How large should the squares
cut from the corners be to make the box hold as much as possible.

V(X) = (12 -2x)(12 - 2x)x =144x — 48X + 4%’
Domain:0<x<6
V'(X) =144 -96x +12x* = 12(12 -8x + X*) =12(2— x)(6 — X)
Zeros:x=2,Xx=6
V (2) =144x — 48x% + 4x° = 144(2) — 48(2)* + 4(2)* =128
3. Design a1 liter oil can shaped like a right cylinder. What dimensions will use the
least amount of material?
V =7r’h =1000 = 1000

2

h

zr
area of circle = zr?, and area of sides = 2zrh

SA=2zxr?+2xrh= SA=27r"+ Zﬂr(loozoj = SA=2zr?+2000r * =
T

SA'=47r—2000r* = 0 = 4zr —2000r * = 47r® = 2000 =

r= ‘3/ 2000 =5.42
A

Domain : open interval, therefore require a 2nd derivative

SA"=A4r+ 4080 = postive throughout the domain = graph is concave up
r

therefore a minimum
h = 2r=h=10.84

H. Area between Curves
1. Find the area of the region between the x-axis and the graph of
f(X)=x*=x*=2x,x=-1,x=2




Factor = x(x—2)(x+1) => x=0,x=2,x=-1
Integral over [-1,0]

0 x x x5
[[(¢ =% =20 - (O)dx =—-—-2"{ ==
1 4 3 2|, 12
Integral over [0,2]
4 3 22
IO(O)—(X3—x2—2x)dx:—x—+x—+2x— _8
1 4 3 "2| 3

Total Area = ﬂ
12

3. Find the area of the region enclosed by the parabola y =2 —x* and the line y = —x

Points of intersection:

2-X = X=X -Xx-2=0=>(x-2)(x+1)=0=>x=-1,x=2

3 2 2

J._zl(z_ X* )= (=x)dx = J-_zl—x2 + X+ 20x = —X?+X?+ 2x

[ () (G LD 1)°? 9
{ ) +2(2)J [ 5 +2(— 1)] >

-1



