1.
+2
Jz)c—dx
x° —=2x+1

a) Factor denominator = (x — 1)(x — 1) = (x — 1)* multiple linear factor

B _A(x-D+B _Ax-14+B _Ax+(-4+B)

b) Write partial fraction equation =

A
(x— 1) (x=1)° (x=1)° (x=1)°
Matching coefficients and constants

x4+2 Ax + (—A + B)
Co2xtl (x—1)

1 3
'."[(x—l)dx-’_".(x—l)de -[(x—l)d +3_[

1 1
a) J.(x - l)a’x = J—a’u =lnu=In(x-1)

= A=1and (—A + B) =2, by substitution B =3

=In(x-1)-3(x-1)"

u

u=(x-1)=du=dx

] u’
b) 3 de=3(x=-1D) dx=3|u du=3—=-"3u"'==3(x-1"
)»j(x_])z Jee-1) | = (x—1)
u=(x-1)=du=dx
2.

J.ldx

x>+ x

a) Factor denominator = x(x” + 1) a linear factor and quadratic factor

(x—1)?

Bx+C A(x2+l)+(Bx+C)x_ Ax? + A+ Bx? + Cx

. . . . A
b) Write partial fraction equation = — +
x

(x>+1) x(x> +1) B x(x> +1)
Matching coefficients and constants
1 A+ B)x? A
. _s )x2+cx+ —~ A+B=0,C=0and A=1,
X +x x(x”+1)
by substitution B=—1= A+ B=0=1+B=0= B=-1..
x 1
—dx + = | —dx— dx =Inx — —In(x*> +1
'[ J.(x+) I J‘(x2+1) 2 ( )

a) J-—_(/X =lnx

1 1
/))I(\ )/\:> J-—a’u*—lnu*—ln(\ +1)

ﬁ 1
u=(x"+1) = du=2xdx = B du = xdx



J al ~dx
(x—4)
a) Denominator factored = (x —4)> multiple linear factor
B A(x 4)+B Ax—4A+ B

(x— 4) (x—4) (x—4) (x—4)
Matching coefficients and constants

X Ax+(—44+B)
C(x—4P (x-4)
by substitution -44+ B=0= -4(1)+ B=0= B=4..

1 4 1
J(x_4)dx+J(x_4)2dx=J(x_4)dx+4j(x_
a)j

b)4j(Y

b) Write partial fraction equation =

= A=1and 44+ B=0,

=In(x—4)—4(x — 4)"

cl\ =In(x—-4)

-1
u
dx=4|(x—-4)dx=4|udu =4 —=—4u =—4(x—4)"
e Jex-2) | = (x—4)

u=(x—-4)=du=dx
24+3x-2
[Fr3=2,
x +5x
a) Factor denominator = x(x” + 5) a linear factor and quadratic factor
o A Bx+C AR +35)+(Bx+C)x  Ax’+54+ Bx*+Cx
b) Write partial fraction equation = —+ — = 5 = 5
x (x"+95) x(x*+5) x(x~+5)

Matching coefficients and constants
¥ +3x-2 B (A+B)x> +Cx+54
x’ +5x x(x* +5)

:>A+B=1,C:3and5A=—2:>A:—§
i 7 2 7
bysubstltutlonB:EzA+B:1:>—§+B=1:>—2+SB:5:>53:7:>B=§.-.
27,
5

5 21 7x+15 _ 21 1 1p 15 B
J dx+j(x +5) _5 J(x +5) - j J(x +5) +5J(x2+5)dx_

1 X

2 7 3
—ZInx+—In(x* +5)+—=tan"
" A

21 2
a) ——|—dx=——=Inx
) 5'[ 5

1 7x
b) — Ix=— +5) di=—— ! ——ln ——ln +5
D) J(x'+5)“ Jr(r ) dx Ju du 0 u (x* +5)

. 1
u=(x"+5 = du=2xdx = Ea’u = xdx

){ 15 _15p | 1

x=3- 3 *'L
(*+5) &5 _31( +<f>) BT

3.0
tan

-

by



3
X

a) Denominator factored = (x* +2)* multiple quadratic factor

dx

Ax+B Cx+D (Ax+B)(x2 +2)+Cx+D
F+2) (2] (2 +2) B

Ax’ +2Ax+ Bx* +2B+Cx+D Ax’ + Bx*+(2A4+C)x+ (2B + D)
B (P +2) B (2 +2)
Matching coefficients and constants

x’ _ Ax’ + Bx* +(24+ C)x+ (2B + D) -

(¢ +2) (+2)
by substitution C = 2= (24+C)=0=2(1)+C)=0=2+C=0=C=-2
by substitution D = 0= (2B+ D)=0=(2(0)+ D)=0=D =0

b) Write partial fraction equation =

A=1,B=0, (24+C)=0and (2B+ D)=0,

X —2x B X X 1 5 5 N
j(x2+2)dx+jde—J.(x2+2)dx—2jmdx—zln(x +2)+2(x"+2)

X 1 1 1 1
a dc=—|x-(x*+2)'dx=—|u"'du=—Inu=—In(x*+2
)j(x?+2) 2J (¥ +2) 2J T3 o +2)

R 1
u=(x"+2)=du=2xdx = —du= xdx

1

X 5 u ,
b) 2| ———dx=2|x(x*+2) dx=2|u"du=2—=2u"=-2(x*+2)"

. 1
u=(x"+2)=du=2xdx = Ea’u = xdx



6.
J'x2+6x+4

—dx
x'+5x*+4

a) Factored denominator = (x” + 1)(x*>+4) two different quadratic factors

4)+(Cx+D)(x* +1) B

: : : . Ax+B Cx+D (Ax+B)(x’+
b) Write partial fraction equation = al + = = ( )(

_ AxX’+4Ax+Bx*+4B+Cx’+Cx+Dx*+D _ (A+C)x’+(B+ D)x

(P41 (P +4) (> +1)(x* +4)

’+(4A4+C)x+(4B+ D)

(x> +1)(x* +4) (x* +

Matching coefficients and constants
x’+6x+4 (A+C)x’+(B+D)x’+(44+C)x+(4B+ D) -
xt+5x° +4 (xX* +1)(x* +4)
(A+C)=0,(B+D)=1,(44+C)=6,(4B+D)=4
Solve using systems of equations and the process of substitution
1.(A4+(C)=0,44+C)=6=

A=-C. . 4(-C)+C=6=>-3C=6=>C=-2and4=2
2.(B+D)=1,4B+D)=4=

D=1-B..4B+(1-B)=4=3B=3=B=land D=0

X
(x*+4)

241 2x x !
'[(x2+1) x+J(x2+4)dx:>2J(x2+1)dx+J(x2+1)dx_2J

In(x* +1)+tan™ x — In(x” + 4)

X | ¢1 ,
a) 2 dx=2-—|—du=|u'du=Inu=1In(x*+1
: J (x> +1) 2J J ( )

. 1
u=(x"+1)=du=2xdx = Eciu = xdx

1 1
b) J dx = thm : % =tan”' x

(x*+1)

X 1 ¢1 .
c) -2 - dx=-2-—|—du=—|u"du=—-Inu=—-In(x* +4)
J}(.\‘“ +4) 2JLI J

. 1
u=(x"+4)= du=2xdx = Ea’u = xdx

D(x* +4)

dx =



7.

X
—dx
'[ xt+7x°+6
a) Factored denominator = (x* +1)(x”+ 6) two different quadratic factors
Ax+B Cx+D (Ax+ B)(x2 +6)+ (Cx+ D)(x2 +1)
+ = =

b) Write partial fraction equation =

(xX*+1)  (x*+6) (x* +1)(x> +6)
_AxX’+6Ax+Bx’+6B+Cx’ +Cx+Dx’+D _(A+C)x’+(B+D)x’ +(6A+ C)x+(6B+ D)
- (x> +1)(x* +6) - (x* +1)(x> +6)
Matching coefficients and constants
x _(A+O)x*+(B+D)x’ +(64+ C)x+(6B+ D)
T +6 (x> + 1)(x> + 6)

(A+C)=0,(B+D)=0,64+C)=1(6B+D)=0

Solve using systems of equations and the process of substitution

1.(A+C)=0,64+C)=1=>
A=—C.‘.6(—C)+C=1:>—5C=6:>C=—§ andA=g

2.(B+D)=0,(6B+D)=0=
D=-B.:.6B+(-B)=0=>5B=0=B=0and D=0

éx _§x 6 X 6 X
J 25 dx+J 25 dx:—j 5 dx——J 5 dx =
(x*+1 (x”+6) 50(x"+1) 59 (x"+6)

3 3
“In(x*+1)-=In(x*+6
s ( ) s ( )

6 6 5 6 1 3 3 5
a) 2 ﬁ\ (f[X:lJ’,\’(X_‘F]) 1dx=2~—J.u ‘du="Inu=="In(x"+1)
SY(xT+1) 5 52 5 5
X 1
u=(x"+1)=du=2xdx = 5 du = xdx
6 X 6 6 1 3 3
b) — - dc=—|x(x*+6)"'dx=—-— |u"'du==Inu==1In(x* + 6)
) SJ.(X"+6) 5'[( ) 5 2J. 5 5 (

. 1
u=(x"+6)= du=2xdx = Ec/u = xdx



8.
J‘x4—x3—x—1

3 2
X —X

Since the degree of the numerator is greater than that of the denominator, the first step

dx

x+1

3 2
X —X

is long division, answer = x —

a) Factor denominator = x”(x — 1) = x” is multiple linear factor and (x — 1) is a single linear factor

A B 4 D+ B(x—1
b) Write partial fraction equation = —+ — + ¢ =D+ Blr— D+ CG° )

x x (x—l) x*(x—=1)
sz—Ax+Bx—B+Cx2_(A+C)x2+(—A+B)x—B
x*(x=1) x*(x=1)

Matching coefficients and constants
x+1  (A+O)x*+(—A+B)x-B

X -x ¥ (x=1)

by substitution (—A+B)=1=—-A+(-)=1=-4=2=A=-2

by substitution (A+C):0:>—2+C=0=>C:2

jxdx{j aor [ | 2

2
%+2lnx—x*‘ —2In(x—1)

=(A+C)=0, (-4+B)=land -B=1= B=-1

dx}—fxdx+2j. dx+I Zdx — 2J(x—1) =

(x-1

1
b) 2J—a’x :2J‘x’](/x =2Inx
X

1

c) J.A\fz(/‘\‘ = \—1 =—x

d) zj(

dx=-2In(x-1)
x—1)



